Scattering parameters for an Epstein profile in a half-space  by Adam, John A.
Appl. Math. Lett. Vol. 6, No. 4, pp. 13-15, 1993 0893-9659/93 $6.00 + 0.00 
Printed in Great Britain. All rights reserved Copyright@ 1993 Pergamon Press Ltd 
The most general second-order ordinary differential equation with regular singular points at 
0, 1, and co, is the hypergeometric differential equation: 
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Abstract-The reflection of waves for a stratified medium in (-co, co) can be studied by transform- 
ing the hypergeometric differential equation into a wave equation. In the context of an astrophysical 
problem [l], the corresponding analysis is carried out for an Epstein profile in (0, co). This pro- 
file represents a scattering potential in quantum mechanical terminology: its properties are briefly 
discussed. 
[(l - C)$ + {y - (ck + P + I)}g - CrPF = 0, 
where QI, 0, and y are parameters, in general complex. The following substitutions [2,3] 
F = ~(z)Z(z), c$ = P(z), 
where P(z) is an arbitrary function, and 
(2) 
112 
+) = p/2(1 _ ,c)(r-M3-W ( > g 
reduce (1) to wave equation form 
where 
d2Z 
-j-p + s(z)2 = 0, 
(3) 
(4) 
(5) 
and 
4Kl = Y(Y - 2) 
4K2 = 1 - (Q - @2 + -y(y - 2) 
4K3 = (QI + /3 - r)2 - 1, 
(6) 
(7) 
(8) 
which can of course be solved explicitly for (Y, p and y. 
In equation (4), g(z) may be viewed as the square of the refractive index for a medium (in the 
context of wave propagation or scattering problems). By choosing 
P(2) = -em’, 
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Epstein profile 15 
and reflected waves as ,z + 0. Comparing coefficients in front of the various exponential terms, 
we find for reflection coefficient R and transmission coefficient T, following expressions: 
R= 
27-‘F(a - y + 1, 1 - p, 2 -7; (1/2))Iyy - 1)ryl - p)r(l + cx - y) 
e7 Y - p, 7; (l/2) )rwrh - w(1 - Y) 
(20) 
and 
T= 
2(1/2)(~+7-4-l)ql + a - y)r(l - p) 
~(ct, Y - P, Y; (i/2) ma - p + wv - 7)’ (21) 
The analysis carried out here has been with a specific astrophysical context in mind: scattering 
of waves in a stellar interior (see [l]). Thus z = 0 corresponds to T = 0, the center of the spherical 
star, and the governing Schrijdinger equation for the dependent variable is such that as r + 0 
(z 4 0), the waves become in fact spherical waves: the spherical dependence is removed via the 
transformation to the Cartesian equation (4). In this context, equation (11) may be regarded 
more as a scattering potential V(x), with the following properties: 
(i) V(0) = 1 - $ - M 
(ii) hlV(z) = 1 - N 
(iii) V’(zm) = 0, z, = 772-l In $$$$ 
I I 
(iv) V(z,) = 1 _ iL!!$X _ (16b~~~Nz). 
To fit this qualitatively to a particular class of potentials, the limiting values V(0) and V(m) 
(or V(ZO), zo < co) specify M and N; locating the position of the extremum V(z,) at z = z, 
specifies m via M and N. Alternatively, given V(Q) and V(z,), we may find M, N, and m. 
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